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The Standard Model Higgs boson may be mixed with another scalar that does not couple to
fermions. The electroweak quantum numbers of such an additional scalar can be determined by
measuring the quartic Higgs-Higgs-vector-vector couplings, which contribute—along with the cov-
eted triple Higgs coupling—to double Higgs production in e+e− collisions. We show that simultane-
ous sensitivity to the quartic Higgs-Higgs-vector-vector coupling and the triple Higgs coupling can
be obtained using measurements of the double Higgs production cross section at two different e+e−
center-of-mass energies. Kinematic distributions of the two Higgs bosons in the final state could
provide additional discriminating power.
I. INTRODUCTION
Last year’s discovery at the CERN Large Hadron Col-
lider (LHC) of a new particle h [1] consistent with the
Higgs boson of the Standard Model (SM) marks the start
of a long-term experimental program of measurements of
Higgs properties. Through this program we hope to learn
the nature of the particle itself and understand the un-
derlying physics responsible for the breaking of the elec-
troweak symmetry.
Many extensions of the SM contain one or more addi-
tional scalar particles that can mix with the SM Higgs bo-
son. Such scenarios can be tested experimentally through
measurements of the couplings of the discovered Higgs
boson, which will be modified in general from their ex-
pected SM values, as well as through direct searches for
the additional scalar particles. Measurements of the cou-
plings of such a mixed Higgs provide some information
about the degree of mixing between the SM Higgs and
the additional scalar and the additional scalar’s contribu-
tion to electroweak symmetry breaking. If the additional
scalar couples to charged fermions (this is possible only
for scalars that originate from an SU(2) doublet), cou-
pling measurements will also shed light on the fermion
coupling pattern.
Information about the electroweak quantum numbers
of the additional scalar, however, cannot generally be ob-
tained from measurements of the three-point couplings of
the discovered Higgs boson to pairs of fermions or gauge
bosons. This is easiest to see in the case that the addi-
tional scalar does not contribute to electroweak symme-
try breaking (we also assume that it does not couple to
fermions); in this case, the couplings of the discovered
Higgs boson to a pair of SM fermions or gauge bosons
are all modified by a common multiplicative factor that
depends on the mixing angle between the SM Higgs and
the additional scalar. Measurements of these couplings
provide no information about the electroweak quantum
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numbers of the additional scalar. Even if the additional
scalar does contribute to electroweak symmetry break-
ing, its electroweak quantum numbers cannot generally
be disentangled from mixing effects in the three-point
couplings of the discovered Higgs boson.
In this paper we propose a strategy to determine the
electroweak quantum numbers of the additional scalar
by measuring the four-point coupling of a pair of W or
Z bosons to a pair of the discovered Higgs bosons. This
coupling depends on the weak isospin and hypercharge of
the additional scalar and can be accessed experimentally
in electroweak-initiated double Higgs production. We
consider the processes e+e− → Zhh and e+e− → νν¯hh
at the proposed International Linear Collider (ILC) [2].
These processes have previously been studied as a way
to measure the Higgs self-coupling at the ILC [3–6]. We
show that the four-point hhV V coupling and the Higgs
self-coupling can be simultaneously extracted using mea-
surements of the double Higgs production cross section
at two different e+e− collision energies. We also suggest
a more sophisticated extraction strategy using the depen-
dence of the two Higgs invariant mass distribution on the
two couplings of interest.
This paper is organized as follows. In Sec. II we define
a formalism and present the hhV V couplings for three
benchmark models. Section III contains our main results.
We conclude in Sec. IV. In the appendices we discuss
the situation in which the additional scalar contributes
to electroweak symmetry breaking and comment on the
experimental and theoretical constraints on our chosen
benchmark points.
II. COUPLINGS OF A MIXED HIGGS BOSON
The couplings of a Higgs-like scalar field h to SM par-
ticles can be parameterized by an effective Lagrangian,
L ⊃ kVM2V V ∗µ V µ
[
1 + aV
2h
vSM
+ bV
h2
v2SM
]
−mf f¯f
[
1 + cf
h
vSM
]
−1
2
M2hh
2
[
1 + d3
h
vSM
+ d4
h2
4v2SM
]
, (1)
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2where vSM = 246 GeV is the SM Higgs vacuum expecta-
tion value (vev), V = W or Z, and kW = 1, kZ = 1/2 ac-
counts for the extra symmetry factor in the term involv-
ing ZµZ
µ. In the SM, the scaling parameters ai, bi, ci, di
are all equal to 1. In general one can define a differ-
ent scaling parameter cf for each fermion. Models in
which the custodial SU(2) symmetry is violated can have
(aW , bW ) 6= (aZ , bZ).
A. SM Higgs mixed with an additional scalar
We consider the case in which the SM Higgs boson
φ mixes with the real neutral state χ of a general elec-
troweak multiplet X. The discovered Higgs particle h is
then a linear combination of φ and χ,
h = φ cos θ − χ sin θ. (2)
This mixing generically modifies the couplings of h to
gauge boson and fermion pairs. The most difficult sce-
nario to probe experimentally is that in which X does
not couple to fermions1 and does not acquire a vev. The
single-h couplings to gauge bosons and fermions are then
given by
aW = aZ ≡ a = cos θ, cf ≡ c = cos θ. (3)
In particular, measurements of these couplings tell us
nothing about the quantum numbers of X.
When X acquires a vev, it contributes to the masses
of the W and Z bosons and reduces the vev that can
be carried by the doublet. This drives up the Yukawa
couplings of the doublet that are required in order to
obtain the observed fermion masses. It also gives rise to
a coupling of χ to WW and ZZ proportional to the vev
of X. In this case, a 6= c; in particular the hV V and hff¯
couplings become (see Appendix A for details)
aV = cos θ sinβ −
√
bχV sin θ cosβ, c =
cos θ
sinβ
, (4)
where sinβ = vφ/vSM is the doublet vev in units of the
SM Higgs vev vSM, and we define b
χ
V as
bχW = 2
[
T (T + 1)− Y
2
4
]
, bχZ = Y
2. (5)
Here T and Y are the weak isospin and hypercharge of
the multiplet X and we have used Q = T 3 + Y/2 = 0
1 The coupling of a scalar electroweak multiplet X to fermions is
forbidden by gauge invariance unless X is an isospin doublet.
(We do not consider the lepton number violating couplings that
can be written down involving a scalar triplet [7].) In the latter
case, couplings of X to fermions can be forbidden using a discrete
symmetry, yielding a Type-I two Higgs doublet model [8, 9]. Such
a symmetry allows the model to avoid stringent experimental
constraints on flavor-changing neutral currents [10].
to simplify the expressions for the real neutral state χ.
In this notation, the couplings of the SM Higgs φ (with
T = 1/2, Y = 1) are bφW = b
φ
Z = 1.
Note in particular that the two couplings, aV and c,
depend on three a priori unknown parameters, bχV , cos θ,
and sinβ. The parameter bχV thus cannot be extracted
from measurements of three-point Higgs couplings even
in the case that the additional multiplet X carries a vev.
B. hhV V coupling
The hhV V coupling receives contributions from both
the φφV V and χχV V couplings. These couplings are in-
dependent of the vevs of φ and X. The relevant Feynman
rules in the electroweak basis are
χχW+µ W
−
ν : i
g2
2
bχW gµν , χχZµZν : i
g2
2c2W
bχZgµν , (6)
where bχV are defined in Eq. (5).
After mixing, the hhV V coupling scaling factors bV
become
bV = cos
2 θ + bχV sin
2 θ. (7)
This coupling depends only on the mixing angle θ and
the electroweak quantum numbers of X. When X does
not carry a vev, measurements of a and/or c fix the mix-
ing angle and a measurement of bV can then be used to
determine these quantum numbers. When X carries a
vev, measurements of aV , c, and bV provide enough in-
formation to unambiguously determine the electroweak
quantum numbers of X.
Note that while the hhWW and hhZZ couplings in
general have different scaling factors, models that pre-
serve custodial SU(2) symmetry will have bW = bZ . We
consider such models in what follows.
C. Three benchmark models
SM mixed with a singlet: In this case the discovered
Higgs boson h is a mixture of the SM doublet Higgs field
φ and a real singlet scalar s [11],
h = φ cos θ − s sin θ. (8)
The singlet does not couple to SM fermions or gauge
bosons, so a = c = cos θ. The couplings bV are then
given by
bW = bZ ≡ b = cos2 θ = a2. (9)
This relationship between b and a holds regardless of
whether the singlet carries a vev.
SM mixed with an additional doublet: In a model con-
taining two (or more) Higgs doublets, the hhV V cou-
plings are given by
bW = bZ ≡ b = 1, (10)
3regardless of the vevs of the doublets and their couplings
to fermions.2
A custodial SU(2)-preserving model with triplets: The
Georgi-Machacek (GM) model [13–15] contains the SM
Higgs doublet together with two Higgs triplets—a com-
plex triplet with hypercharge Y = 2 in our conventions
and a real triplet with hypercharge Y = 0—arranged in
such a way as to preserve custodial SU(2) symmetry.3
The model contains two singlets of custodial SU(2):
H01 = φ, H
0′
1 =
√
2
3
χ0,r +
1√
3
ξ0, (11)
where χ0,r is the real neutral component of the complex
triplet and ξ0 is the neutral component of the real triplet.
We assume that the observed state h is a custodial
SU(2)-preserving mixture of H01 and H
0′
1 ,
h = H01 cos θ −H0′1 sin θ. (12)
The couplings bV of h are given by,
4
bW = bZ ≡ b = cos2 θ + 8
3
sin2 θ. (13)
If we assume that the vevs of the triplets are zero (so that
cH = 1 in the notation of Ref. [18]), b can be expressed
in terms of a according to,
bW = bZ = a
2 +
8
3
(1− a2). (14)
This assumption is problematic in that the mixing angle
θ goes to zero in the limit that the triplet vevs vanish [19].
Nevertheless, Eq. (14) holds approximately when the
triplet vev is sufficiently small. A prescription for de-
termining b in terms of a and c in the case of nonzero
triplet vev is given in Appendix A.
2 The most common formulation of two Higgs doublet models im-
plements a softly-broken Z2 symmetry in the Higgs potential,
which is used to enforce the fermion coupling structure [10]. This
symmetry results in a = c = 1 when the vev of the second dou-
blet is set to zero. When the second doublet carries a vev, a 6= c
in general, allowing the two-doublet model to be distinguished
from the SM mixed with a singlet. If no Z2 symmetry is imposed,
additional quartic Higgs couplings appear in the potential that
allow a = c 6= 1 even when the vev of the second doublet is
zero [12]. In this case a theory of flavor must be invoked to
explain the absence of flavor-changing neutral Higgs couplings.
3 Custodial symmetry is also preserved by the SM Higgs doublet
mixed with a scalar septet (T = 3, Y = 4) [16], which yields a
staggering bχW = b
χ
Z = 16. For the benchmark value a = 0.9
that we will consider and neglecting the septet vev, this leads to
b = 3.85, which will be well separated experimentally from the
singlet, doublet, and triplet models (see Fig. 3). Even for a very
small mixing of a = 0.99, the septet model still yields a sizable
b = 1.30.
4 If only one of the two triplets were present, bW and bZ would
not be equal. In particular, if X is a real triplet (T = 1, Y =
0), bW = cos
2 θ + 4 sin2 θ and bZ = cos
2 θ; similarly, if X is
a complex triplet (T = 1, Y = 2), bW = cos
2 θ + 2 sin2 θ and
bZ = cos
2 θ + 4 sin2 θ. Phenomenology of the real triplet has
recently been studied in Ref. [17].
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FIG. 1. Feynman diagrams for e+e− → Zhh. We include the
crossed version of diagram (a).
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FIG. 2. Feynman diagrams for e+e− → νν¯hh via W boson
fusion. We include the crossed version of diagram (a).
III. MEASURING THE hhV V COUPLING
We consider the scenario in which measurements of
Higgs couplings at the LHC and an early-stage 250 GeV
ILC have revealed deviations in the Higgs couplings con-
sistent with mixing between the SM Higgs and a scalar
that does not couple singly to SM gauge bosons or
fermions. For concreteness we take a = c = 0.9. In
this case, all single Higgs production rates at LHC and
ILC are reduced to a2 = c2 = 0.81 times their SM values,
while all Higgs branching ratios are the same as predicted
in the SM. The most precise direct measurement of a at
this stage will come from the 250 GeV ILC measure-
ment of the inclusive e+e− → Zh cross section, yielding
∆a/a = 1.3% after 250 fb−1 [2], i.e., a deviation from
a = 1 with significance 7.8σ.
A. Double Higgs production at ILC
Double Higgs production in e+e− collisions proceeds
through the processes e+e− → Zhh and e+e− → νeν¯ehh
via W boson fusion (WBF). Feynman diagrams are
shown in Figs. 1 and 2. The cross section for double
Higgs production via Z boson fusion, e+e− → e+e−hh,
is much smaller than that from WBF and we neglect it
here.
We computed the double Higgs cross sections in the
effective theory described by Eq. (1) using the pub-
lic package CalcHEP [20] and checked our results using
MadGraph [21]. In all cases we set a = 0.9 and d3 ≡ d = 1.
The resulting values of b in our three benchmark models
are given in Table I, along with the double Higgs produc-
tion cross sections. We consider e+e− → Zhh at 500 GeV
and 1000 GeV center-of-mass energies as well as WBF at
4Model b σ500(Zhh) σ1000(Zhh) σ1000(WBF)
Singlet 0.81 0.11 fb 0.082 fb 0.041 fb
Doublet 1 0.14 fb 0.11 fb 0.027 fb
GM 1.32 0.19 fb 0.18 fb 0.090 fb
SM 1 0.16 fb 0.12 fb 0.071 fb
TABLE I. Values of b and unpolarized signal cross sections
(computed using CalcHEP [20]) for the three benchmark mod-
els with a = 0.9. The SM cross sections are shown for com-
parison. Cross sections do not include any Z or h branching
ratios. In all cases we assume d = 1.
1000 GeV center-of-mass energy.
Our effective theory does not include the contribu-
tions from t- and u-channel exchange of the custodial
SU(2) triplet states H±, A0 present in the doublet and
GM models, nor does it include processes involving sin-
gle production of the heavier custodial singlet H0 (de-
caying to hh) that is present in all three of our bench-
marks. For simplicity, we assume that these extra states
are heavy enough that their on-shell production is kine-
matically forbidden at the e+e− collision energies that
we use in our analysis. This requires MH0 & 910 GeV
(from e+e− → ZH0 at 1 TeV; WBF production of
H0 is severely kinematically suppressed near threshold),
MA0 & 875 GeV (from e+e− → hA0), and MH± &
500 GeV (from e+e− → H+H−). We discuss the viabil-
ity of this assumption in our specific model benchmarks
in Appendix B.
We checked using an explicit calculation in the doublet
model that including the diagrams involving H± and A0
with masses above these thresholds does not significantly
change the double Higgs production cross sections of in-
terest.5
B. Extracting b and d from event rates
The dependence of the double Higgs production cross
sections on b and d varies with center-of-mass energy and
with the process considered. Therefore, measurements of
the double Higgs production cross section at two different
ILC center-of-mass energies can be used to fit for the
parameters b and d, given a fixed value of a (assumed
to be measured in e+e− → Zh). We perform such a fit
using preliminary double Higgs production cross section
uncertainties from the ILC Large Detector (ILD) study
for the ILC Technical Design Report [6]. At 500 GeV the
process of interest is e+e− → Zhh, with Z → ee¯, µµ¯, νν¯,
5 For example, a benchmark point with MH+ = 660 GeV
and MA0 = 880 GeV increases σ
500(Zhh) by less than 1%,
σ1000(WBF) by about 1.5%, and σ1000(Zhh) by about 7%. Be-
cause Zhh production contributes only about 10% of the ννhh
signal rate at 1 TeV after the selection cuts of Ref. [6], the change
in σ1000(Zhh) increases the total signal rate by less than 1%.
Model b ∆σ/σ(Zhh, 500 GeV) ∆σ/σ(ννhh, 1 TeV)
Singlet 0.81 38% 32%
Doublet 1 32% 42%
GM 1.32 24% 18%
SM 1 27% 23%
TABLE II. Expected experimental uncertainties on the dou-
ble Higgs production cross sections at the 500 GeV and 1 TeV
ILC. The SM values have been taken from Ref. [6]. The un-
certainties for the other models have been scaled to account
for the change in cross section produced by the different a
and b values. An integrated luminosity of 2 ab−1 is assumed
in each case. The electron and positron beam polarizations
have been taken as P (e−, e+) = (−0.8,+0.3) at 500 GeV and
(−0.8,+0.2) at 1 TeV.
and qq¯. At 1 TeV the process of interest is e+e− → νν¯hh,
including contributions from WBF and Z(→ νν¯)hh.
Because the signal rates for our benchmark points are
different than the signal rates in the SM, we rescale the
statistical uncertainties found for the SM in Ref. [6] based
on the number of signal events at our benchmark points.
We also take into account the different selection efficien-
cies for the Zhh and WBF processes at 1 TeV by scaling
our computed Zhh cross section to obtain the same rel-
ative efficiency quoted in Ref. [6].
The resulting rescaled uncertainties are summarized
in Table II. This rescaling increases the fractional uncer-
tainties for the singlet and doublet models and decreases
them for the GM model. We do not attempt to account
for the effect of the kinematic cuts on the relative con-
tributions of the diagrams in Figs. 1 and 2 to the total
cross sections.
We plot the 68% and 95% confidence regions for our
three benchmark points based on these two rate measure-
ments in Fig. 3. We find that the GM model with a = 0.9
can be distinguished from the doublet and singlet mod-
els at 68% confidence level, and that the overlap at 95%
confidence level is small. The doublet and singlet mod-
els cannot be distinguished using only these two event
rate measurements. The crescent shape of the 95% con-
fidence region for the GM model is caused by the WBF
cross section not being monotonic in b, as can be seen
from Table I.
Finally we note that the study in Ref. [6] assumes
Mh = 120 GeV and both Higgs bosons decaying to bb¯.
At 125 GeV, the Higgs decay branching fraction to bb¯
is smaller, reducing the signal cross sections by about
20% [22]. The lost precision is expected to be recover-
able by including hh→WWbb¯ [23].
C. Mhh as a kinematic discriminant
The ILD collaboration has developed a method to
improve the sensitivity to the Higgs self-coupling d by
weighting events according to the invariant mass Mhh of
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FIG. 3. 68% and 95% confidence regions (χ2 = 2.28 and 5.99,
respectively) for the singlet (b = 0.81), doublet (b = 1) and
GM (b = 1.32) models, with d = 1. In all cases we fix a = 0.9.
the Higgs pair [23]. This improves the precision on the
extracted value of d by about 10% at both 500 GeV and
1 TeV in the SM case (a = b = 1) [6]. This method could
be adapted to improve the simultaneous sensitivity to
d and b because the values of these couplings affect the
shape of the Mhh distribution as well as the total rate.
In Fig. 4 we plot the SM cross section for e+e− → Zhh
at 500 GeV as a function of Mhh, showing separately the
contributions of the three diagrams in Fig. 1 as well as
the total cross section. (Interference among the diagrams
contributes significantly to the total cross section.) The
contribution to the amplitude from the diagram involving
d is largest at low Mhh, while the contribution from the
diagram involving b has a broader Mhh distribution.
In Fig. 5 we plot the cross section for WBF e+e− →
νν¯hh at 1 TeV as a function of Mhh for the SM and our
three benchmark model points. Notice in particular that
our three benchmark models all have a = 0.9, d = 1, and
differ only in their b values. The b value has a dramatic
effect on the Mhh spectrum, due in part to interference
among the three diagrams in Fig. 2. Diagrams (b) and
(c) interfere constructively, leading to the enhancement
in the differential cross section at low Mhh for higher b
values (compare the distributions for the GM and dou-
blet models to that for the singlet model in Fig. 5). Di-
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the WBF process e+e− → νν¯hh at 1 TeV. Shown are the
distribution for the SM and our three benchmark points.
agrams (a) and (b) interfere destructively, leading to the
flattening of the spectrum at intermediate Mhh for higher
b values (compare the distribution for the doublet model
to that for the singlet model in Fig. 5).
A more sophisticated analysis taking into account the
Mhh distribution as well as the total cross section at each
collision energy could thus provide additional sensitivity
to b and d.
D. Synergy with LHC
The Higgs self-coupling d can also be accessed through
double Higgs production in gluon fusion at the LHC [24].
In addition to d, the LHC double Higgs production cross
section depends on the Higgs coupling to top quarks ct.
It can also receive contributions from new colored parti-
cles that run in the gluon-fusion loop (new contributions
6to the gg → hh box diagram can be especially large) [25],
effective operators induced by such new particles [26], or
a direct tt¯hh coupling that can arise in composite-Higgs
models [27]. Nevertheless, double Higgs production at
the LHC is insensitive to the hhV V coupling, and can
thus be used to constrain d independently of this cou-
pling.
A recent phenomenological analysis [28] found that d
could be constrained to be positive at 95% confidence
level using 600 fb−1 at the 14 TeV LHC; with 3000 fb−1
the 1σ uncertainties are reduced to +30% and −20%.
The study assumed c = 1 and no new particles in the
loop. A joint analysis of LHC and ILC double Higgs
production would thus allow simultaneous constraints to
be placed on b, d, and contributions from new colored
particles or higher-dimensional operators.
IV. CONCLUSIONS
Direct measurement of the hhV V coupling will be of
great interest if measurements of the couplings of the
recently-discovered Higgs boson to SM particles reveal
a deviation from the SM expectation. The hhV V cou-
pling can be accessed through double Higgs production in
e+e− collisions. In this paper we showed that separating
the hhV V coupling from the triple Higgs coupling can
be accomplished using rate measurements at two differ-
ent center-of-mass energies. Additional sensitivity could
be obtained by using the two Higgs invariant mass as a
discriminant. Furthermore, LHC measurements of dou-
ble Higgs production in gluon fusion are insensitive to
the hhV V coupling and can be used to independently
constrain the triple Higgs coupling.
Here we considered a simple set of benchmarks in
which the new scalar(s) that mix with the SM Higgs pre-
serve the custodial SU(2) symmetry. This assumption
is violated by a number of well-motivated models. New
scalar(s) that violate custodial SU(2) symmetry, such as
the complex triplet in the type-2 seesaw mechanism for
neutrino masses [7], yield bW 6= bZ . In this case, two rate
measurements are insufficient to simultaneously extract
bW , bZ , and d, and additional information from kine-
matic discriminants and/or LHC measurements would be
needed.
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Appendix A: Mixing with a vev-carrying scalar
Given a model-independent measurement of a, the ex-
traction of b and d from double Higgs production mea-
surements described in this paper does not depend on any
assumptions about the vev of X. Such an assumption en-
ters only in the interpretation of the measurements of a
and b in terms of the electroweak quantum numbers of
X when X is not a doublet or singlet. The vev depen-
dence enters through the extraction of the φ–χ mixing
angle θ from the measurement of a. Here we show that
this mixing angle can still be extracted by taking advan-
tage of the measurement of the fermion coupling c in the
case that the vev of X is nonzero. The assumption that
X does not couple to fermions is satisfied automatically
when X is not a doublet.
The real neutral state χ couples to W pairs, and the
vev of its parent multiplet contributes to the W mass,
via the Lagrangian term
L ⊃ g
2
4
bχW (vχ + χ)
2WµW
µ, (A1)
where bχW is given in Eq. (5), and similarly for the cou-
plings and mass of the Z. The hV V couplings aV can
then be written as
aV = cos θ vφ − bχV sin θ vχ. (A2)
The mass of the W imposes the additional constraint
v2φ + b
χ
W v
2
χ = v
2
SM, (A3)
and similarly for the Z mass (we assume ρ ' 1). From
this we define
sinβ =
vφ
vSM
, cosβ =
√
1− v
2
φ
v2SM
=
√
bχW
vχ
vSM
.
(A4)
The hV V couplings can then be re-expressed as
aV = cos θ sinβ −
√
bχV sin θ cosβ. (A5)
Because an electroweak multiplet larger than a doublet
cannot couple to charged fermions at tree level, only the
SM doublet φ contributes to fermion masses. The cou-
pling of the mass eigenstate h to fermions is then given
by
c =
cos θ
vφ/vSM
=
cos θ
sinβ
. (A6)
Note that when vχ = 0, we recover c = a = cos θ. For
nonzero vχ, we can solve for cos θ in terms of the observ-
ables a and c, given a model assumption for bχV . The
resulting expression for cos θ can then be inserted into
Eq. (7) for bV , yielding a prediction for the chosen model.
7Appendix B: Constraints on our benchmark points
In our benchmark models, a full calculation of double
Higgs production would include single production of the
heavier custodial singlet with H0 → hh. In the dou-
blet and GM models, it would also include contributions
from t- and u-channel exchange of the custodial SU(2)
triplet states (H±, A0). We have neglected these con-
tributions by computing double Higgs production cross
sections using the effective theory of Eq. (1). This is a
good approximation when the additional Higgs particles
are assumed to be heavy enough that on-shell processes
such as e+e− → ZH0 with H0 → hh and e+e− → A0h
with A0 → Zh are kinematically forbidden. Here we dis-
cuss the viability of this assumption for our benchmark
points.
An upper bound on the mass of the heavier custodial
singlet H0 ≡ φ sin θ + χ cos θ can be obtained from the
perturbative unitarity of VLVL → VLVL scattering (here
VL denotes a longitudinally-polarized W or Z boson). A
coupled channel analysis including ZZ and WW in the
initial and final states yields [29]6
m2H0 .
16piv2SM
5(1− a2) ' (1790 GeV)
2, (B1)
where we neglect terms of order m2h and m
2
W compared
to 4piv2SM and take a = 0.9. Perturbative unitarity
constraints thus do not prevent us from assuming that
resonant H0 → hh contributions are beyond the kine-
matic reach of the 1 TeV ILC. However, we note that if
the H0hh coupling is large, processes involving off-shell
H0 → hh can have a significant effect on double Higgs
production cross sections even for H0 masses above the
kinematic limit. The H0 contribution would be largest
at the high end of the Mhh distribution, which could po-
tentially be used to discover the H0 in this scenario.
Exchange of the custodial SU(2) triplet states
(H±, A0) present in the doublet and GM models is in fact
required in order to restore perturbative unitarity of the
VLVL → hh amplitude at high energies when b− a2 6= 0.
Including both ZZ and WW in the initial state, this re-
quirement puts an upper bound on the custodial triplet
masses (assumed degenerate) of [29]
Doublet : m2H±,A0 .
8piv2SM√
3(1− a2) ' (2150 GeV)
2,
GM: m2
H±3 ,A
0
3
. 3piv
2
SM√
3(1− a2) ' (1320 GeV)
2,(B2)
where we again make the approximation 4piv2SM 
m2h,m
2
W and take a = 0.9. Here the different coefficients
6 We neglect the contribution from t-channel exchange of the cus-
todial five-plet in the GM model [30]. The five-plet contribution
is small for small vχ.
for the doublet and GM models come from the different
SU(2)×U(1) quantum numbers of the custodial triplet
states.
We also need to demonstrate that sufficient mixing can
actually be obtained for each of our benchmark models.
We shall consider each scenario in turn. We also com-
ment on precision electroweak constraints.
The most general model that mixes the SM Higgs
with a real neutral singlet contains dimensionful cou-
plings that allow a sizeable φ–s mixing angle even when
the singlet is heavy, without requiring dangerously large
quartic scalar couplings. The main constraint on the sin-
glet model then comes from electroweak precision observ-
ables [31], which take the simple form
S = cos2 θ SSM(mh) + sin
2 θ SSM(mH0), (B3)
where SSM(mi) is the SM contribution to the S parame-
ter evaluated for the SM Higgs mass equal tomi, and sim-
ilarly for the T parameter. For most of the heavy scalar
mass range we are interested in (910 GeV . mH0 .
1790 GeV) the mixing angle is constrained by electroweak
precision data to satisfy sin2 θ . 0.1 at the 90% confi-
dence level [31]. Our benchmark point corresponds to
sin2 θ = 0.19, representing a mild violation of the preci-
sion electroweak constraints. This can be compensated
for with additional new physics that contributes to the S
and T parameters.
In the doublet model it is harder to obtain a mixing
angle as large as we have assumed while keeping H0, A0,
and H± above their direct-production kinematic thresh-
olds at the 1 TeV ILC. We study this by scanning the
parameter space of the CP-conserving two Higgs dou-
blet model potential defined in Ref. [32] with a softly-
broken Z2 symmetry (corresponding to m
2
12 6= 0 but
λ6 = λ7 = 0 in the notation of Ref. [32]) using the
publicly available code 2HDMC [33]. We find that obtain-
ing cos θ ≡ sin(β − α) = 0.9 is possible under our mass
constraints, but requires rather large quartic Higgs cou-
plings (in particular, λ3 and λ4 of order 10). This is a
consequence of the decoupling property of the two Higgs
doublet model [32]. These large quartics lead to a large
splitting between the A0 and H± masses, which in turn
leads to contributions to the T parameter that push it
outside the allowed experimental range. As in the singlet
model, this can be compensated with additional isospin-
violating new physics.
In the GM model, the masses of the heavy scalars and
the degree of mixing with the SM doublet can be in-
dependently controlled using two different dimensionful
parameters, so that our benchmark conditions can be
obtained without large quartic couplings. To check this
we scanned the parameters of the most general custodial
8SU(2)-preserving scalar potential [19],
V =
µ22
2
Tr(Φ†Φ) +
µ23
2
Tr(X†X) + λ1[Tr(Φ†Φ)]2
+λ2Tr(Φ
†Φ)Tr(X†X) + λ3Tr(X†XX†X)
+λ4[Tr(X
†X)]2 − λ5Tr(Φ†τaΦτ b)Tr(X†taXtb)
+M1Tr(Φ
†τaΦτ b)(X)ab
+M2Tr(X
†taXtb)(X)ab, (B4)
where the doublet and triplet fields are written as
Φ =
(
φ0∗ φ+
−φ+∗ φ0
)
, X =
 χ0∗ ξ+ χ++−χ+∗ ξ0 χ+
χ++∗ −ξ+∗ χ0
 .
(B5)
The potential in Eq. (B4) is identical to that studied in
Ref. [34] except for the addition of the last two terms
with coefficients M1 and M2, which are essential in order
for the model to possess a phenomenologically-acceptable
decoupling limit. These two terms have traditionally
been omitted for simplicity by imposing a discrete sym-
metry X → −X on the potential [14].
We find that obtaining cos θ = 0.9 while keeping all
additional states above their direct-production kinematic
thresholds at the 1 TeV ILC can be achieved for large
negative values of the dimensionful parameter M1 (e.g.,
M1 ∼ −2400 GeV) and non-zero vχ (e.g., vχ ∼ 30 GeV)
without requiring any large quartic scalar couplings.
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